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ABSTRACT. The asymptotic behavior of the resolvent of a linear Volterra
equation is investigated without the assumption that the kernel of the
equation is in L'(0, o). A lower bound is obtained on the solutions of a
related nonlinear Volterra equation. A special case of the latter result is
employed in the proof of the former result.

1. Introduction. For the linear Volterra equation

(1.1 x(1) +f0'a(z — )x(s)ds=f(1) (0< 1< o0),

where a and f are prescribed real valued functions, the resolvent (kernel) is
defined to be the unique solution, r, of

1.2) r(t) +j:a(t —s)r(s)ds=a(t) (0<t< )

Thus r depends only on @ and not on f.

There is a considerable literature dealing with properties and applications
of the resolvent of (1.1). We shall comment on some of the earlier studies
which are relevant to the present results. In Theorem 1.4 (below) the asymp-
totic behavior of r as t — o is investigated. Its proof employs several results
which are relevant to nonlinear equations. In one of these, Theorem 1.7, a
lower bound is obtained on the solutions of a nonlinear Volterra equation,
(1.30) below, for which (1.1) is a special case.

The significance of the resolvent derives from the well known result:

LemMA 1.1. Let p € [1, o] and let

(13) a € Ly,(0, ),

(1.4) f € LE.(0, ).
Then the solution, x, of (1.1) is given by

Presented to the Society, January 24, 1976; received by the editors July 24, 1975 and, in revised
form, November 14, 1975.
AMS (MOS) subject classifications (1970). Primary 45D05.
(') This research was supported by the U. S. Army Research Office.
© American Mathematical Society 1977

207



208 J. J. LEVIN

(1.5) x(1) = £(1) —fo'r(t —5)f(s)ds  (0< 1< )
and x € Lf (0, ).

The notation (1.4) means that
T P
(1.6) f |f()f di< oo forall T € (0, ).
0

It is assumed that all prescribed functions are Lebesgue measurable and take
values in the extended real line [ — o0, o0].
If x is a solution of the nonlinear Volterra equation

1.7) x(1) +f0'a(t — )[x(s) + h(x(s))] ds= F(1)

on some interval 0 < ¢t < T < oo, where a, h, and F are prescribed, then
Lemma 1.1 implies that x satisfies (1.5) on [0, T) with

(1.8) 7(1) = F(5) - fo ‘a(t - s)h(x(s)) ds.

In the near linear case, h(x) = o(x) as x — 0, this reformulation of (1.7) as
(1.5), (1.8) has been successfully employed in studying the asymptotic be-
havior of x as t — 0; see, e.g., Miller, Nohel, and Wong [6] and Nohel [7]
and [8].

Some relevant facts concerning r are an immediate consequence of (1.1),
(1.2), and Lemma 1.1:

Lemma 1.2. (i) If

(1.9) r € L'(0, ),
(1.10) ’lirg f (1) = f(o0) exists,
then
(1.11) lim x(1) = x() =f(oo)[1 -fo°°r(x) d:],
where x is the solution of (1.1).
(i) If (1.9) and
(1.12) a € L'(0, o)
hold, then
(1.13) [1 +fo a(i) dt]fo r(f) dz=f0 a(t) at.

(iii) If (1.9, (1.10), and (1.12) hold, then
(1.14) fo a(f) di# —1
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and
f()
1+ [Fa(t)dt
Lemma 1.2 illustrates the usefulness of (1.9). Under hypothesis (1.12), this

property is characterized in the classical result of Paley and Wiener [10, p.
60]:

THEOREM 1.1. Let (1.12) hold. Then a necessary and sufficient condition for
(1.9) to hold is that

(1.15) x(s0) =

(1.16) [Ta@e™dr# -1 forRer> 0.
0

Although (1.12) is not valid in some applications of (1.1), there are
interesting alternative assumptions which imply (1.9). Theorem 1.2 below, due
to Miller [5], is of this type. Also see [5] for references to specific physical
problems which motivate these alternatives to (1.12).

THEOREM 1.2. Let (1.3) and

(1.17) a € C(0, ), a is positive and nonincreasing on (0, c0),

(1.18) —i(t)— is nonincreasing on (0, ) for each T > 0
a(t+ T)

hold. Then

(1.19) 0<r(<a(t) ((O<t<w),

[ra(r) at

(1.20) j(; r(t) de= W

xfj(;wa(t) dt< oo,

(1.21) f0°°r(t) dt=1 iffo°°a(x) dt= 0.

Since (1.16) is a consequence of (1.12) and (1.17), (1.20) also follows from
Theorem 1.1 and Lemma 1.2; however, (1.19) and (1.21) are not contained in
the preceding results. Miller [5] further shows that if a is completely mono-
tonic, that is if

(-)*a®@) >0 (k=0,1,...;0< 1< ),
and if a(r) Z 0, then (1.17) and (1.18) are satisfied.

A general result which does not assume (1.12) is the following one of Shea
and Wainger [11]:

THEOREM 1.3. Let

(1.22) a(t) = b(1) + c(v),
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where

b € L} (0, o) is nonnegative, nonincreasing,
and convex on (0, o),

(1.29) ¢, tc € L'(0, ),
and let (1.16) hold. Then (1.9) holds.

(1.23)

When a & L'(0, o) in Theorem 1.3, hypothesis (1.16) is to be interpreted
for Re A = 0 as

Y .
lim | a(f)e"@*Brgi# -1 (-0 < B < ).
o0+ Jo

To show that the hypothesis of Theorem 1.3 with ¢ = 0 is less restrictive

than that of Theorem 1.2, let (1.17), (1.18), and 0 < ¢, < ¢, be satisfied. Then

a('l)/“( 1 -; o ) = a(t.)/a(tl + IZ_Et_')
(5425 s

a( f ; & ) <["(’l)a(’z)]l/z< 2 -; 2
and, hence, a is convex.

When a(o0) > 0, Shea and Wainger [11, (6a) and (10)] have alternative
assumptions to those of Theorem 1.3 which insure (1.9). Grossman and Miller
[2, Theorems 5.1 and 5.2] have obtained fairly involved conditions insuring
(1.9) when a is sufficiently smooth (or a sufficiently smooth perturbation of
an L'-function).

Here we prove:

Thus

THEOREM 1.4. Let

(1.25) a be nonnegative and nonincreasing on (0, o),
(1.26) a(0) < oo.
Then
(1.27) -a(0)<r(®)<a(0 (0<t< ),
(1.28) 0 <f'r(s) ds<1 (0<1t< ),
0

. ' w .

(1.29) lim fo r(s) ds= fo r(s)ds exists,

and (1.20), (1.21) hold.
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In §5 the inequalities (1.27) are strengthened a little.
Note that a € C[0, ) is not assumed in Theorem 1.4. Both a(e0) > 0
and a(e0) = 0 are allowed. The example

a)=1 (©0<t<1), a@®=0 (1< 1< ),
r)=et 0<t<1), r()=e[l-2e+er] (1<t<2)

shows, since r(f) < 0 for ¢ in an interval to the right of 1, that (1.25) and
(1.26) do not imply (1.19). A simple approximation argument now yields
smooth a(-) satisfying (1.25) and (1.26) but not (1.19).

Theorem 1.4 only asserts the existence and value of the improper integral
(1.29); here again, (1.20) also follows from Theorem 1.1. It is not known
whether (1.9) is a consequence of (1.25) and (1.26). It is also open whether
(1.26) can be replaced by the weaker condition (1.3) in (1.29) of Theorem 1.4.

The proof of (1.27) employs Theorem 1.5 below which is concerned with
the nonlinear equation

t
(1.30) x(1) + fo a(t — 5)g(x(s)) ds= f(1),
where a, g, and f are prescribed.

THEOREM 1.5. Let f € C[0, o0) N BV, [0, o) and let (1.25), (1.26) and the
Jollowing conditions be satisfied:

(131) g€ C(—o0, ), meas{x <0|g(x) >0} <X < oo,
(1.32) meas{x > 0| g(x) < 0} < X.

Then (1.30) has a continuous solution on [0, o). Moreover, if x € C[0, ) is a
solution of (1.30), then

(1.33) o‘??l(:lx(s)l <X +0r<nsirét[f(s)| +V(f,[0,1]) (0<1< ),
where V (f, [0, t]) is the total variation of f on [0, 1].

Although the statement of Theorem 1.5 is slightly stronger than that of
Theorem 1 of Levin [3], it is proven in exactly the same manner as the latter
result. Corollaries 1 and 2 of [3] treat the problem of replacing (1.26) with
(1.3) in Theorem 1.5.

The proof of (1.28) employs:

Lemma 1.3. Let (1.3), (1.25), and

(134) fec [0, o), fis nonnegative and nondecreasing on [0, 0)
hold. Then the solution, x, of (1.1) satisfies

(1.35) 0< x(1) < f(r) (0< 1< o).
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A strengthened form of Lemma 1.3 is noted in §5.

The proof of the other assertions of Theorem 1.4 employ (1.28) and some
results of Levin and Shea [4], concerning the asymptotic behavior of the
bounded solutions of various integral equations, which are stated in §3. In the
remainder of this Introduction we discuss Lemma 1.3 and, in particular, two
quite different theorems dealing with nonlinear equations which are related to
it.

An elementary self-contained proof of Lemma 1.3 is given in §2. With
some rather obvious modifications, the arguments of §2 can be extended to
(1.30) under the hypothesis

(1.36) gEC(—o0,®), xg(x)>0 (- <x< o)
We omit the details since the resulting generalization of Lemma 1.3 is
essentially contained, as a quite special case, in Theorems 1.6 and 1.7 below.
Observe that if (1.36) holds then so do (1.31) and (1.32) with X = 0.

The next result, which concerns the nonlinear equation

(1.37) ﬂogﬁw—ndqgnm=ﬂa

is due to Friedman [1] and is discussed and employed by Miller [5] in his
proof of Theorem 1.2 above. A related earlier result, for a(z) = t="/2, is due
to Padmavally [9].

THEOREM 1.6. Let (1.3) and the following conditions hold:
a€C(0,0), fEC[0,®), a(f)>0, f()>0 (0< < o),
S a=s)
f@ at-s)
g is measurable and xg(x, t) > 0 on (— o0, 00) X [0, ),
g(-,t) € C(—o0, ) foreacht €[0, ).

If a, g, and f are sufficiently smooth to guarantee the uniqueness of the solution
of (1.37), then the latter exists on [0, o) and satisfies (1.35).

(0<s<T<),

Lemma 1.3 may be obtained from Theorem 1.6 by setting g(x, f) = x in
(1.37) and reasoning as follows: Let a > 0 and f > 0 satisfy the hypothesis of
Lemma 1.3. Then, obviously,

J(T) a(T - s)

7—(7)—<1<-a—(t_—s) 0<s<T<).
If a € C(0, o) is also assumed, then Theorem 1.6 asserts that the solution of
(1.1) satisfies (1.35). The continuity and positivity restrictions are easily
removed by approximation arguments of the sort given in §2.
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A lower bound is obtained on the solutions of (1.30) in:

THEOREM 1.7. Ler (1.25), (1.26), (1.31), and (1.34) hold and let x € C[0, )
be a solution of (1.30). Then
(1.38) -X<x(t) (0O<t<®)

That Lemma 1.3 is a consequence of Theorem 1.7 may be seen as follows:
Let (1.26) and the hypothesis of Lemma 1.3 hold. Then, by Theorem 1.7 with
X =0, x(¢) > 0. This together with our assumptions implies that x(¢) < f(?),
establishing Lemma 1.3 when (1.26) holds. The latter restriction may be
removed by an approximation argument given in §2.

The proof of Theorem 1.7 is similar to that of Theorem 1.5. However, the
argument is sufficiently intricate, and the changes required in [3] sufficiently
numerous, to warrant giving a self-contained treatment of one of the subcases
that make up its proof. This is done in §4.

Theorems 1.5 and 1.7 obviously imply:

COROLLARY. Let (1.32) and the hypothesis of Theorem 1.7 hold. Then
- X<x()<X+f(t1) (0<1t< o)

2. Proof of Lemma 1.3. Approximation arguments will enable us to deduce
Lemma 1.3 from the weaker, but easily proven, result:

LEMMA 2.1. Let
2.1) ac C‘[O, ©), a(t)>0, a(t)<0 (0<t< x),
(2.2) fecC'[o,w), f(t)>0, f(1)>0 (0<t< ).
Then the solution, x, of (1.1) satisfies

2.3) 0<x()< f(t) (0<t< ).
Suppose
24) 0<x(t) (@O<t< )

does not hold. Then, since x(0) = f(0) > 0, there exists a unique 7, > 0 such
that

(2.5) x(t)=0,0<x(r) (0< 1< ¢).
This implies, as x € C'[0, c0), that
.6) X'(to) < 0.

Differentiating (1.1), setting ¢ = ¢,, and invoking (2.2) yields

- X (t0) = £(t0) = [ /(1o = $)x(s) ds

> —j(;’oa'(to = 5)x(s) ds.



214 J. J. LEVIN

From (2.1), (2.5), and (2.7) it follows that x'(¢,) > 0, which contradicts (2.6),
unless

(2.8) a(t)=a(0) (0< 1< 1)
However, (2.8) and (1.1) obviously imply

2.9 x(0) + a(O)j:x(s) ds=f(1) (0< 1< ¢).
From (2.9) and (2.2) we easily obtain

x(tp) > f(0)e™*@%> 0,
which contradicts (2.5). Thus (2.4) is established, which together with the
hypothesis clearly implies (2.3) and completes the proof of Lemma 2.1.
Turning to the proof of Lemma 1.3 itself, we let x, be the solution of
@2.10) x,(f) +f'a(t —s+ex(s)ds=f()+e (0<1< o),
0

where ¢ > 0 and a and f satisfy the hypothesis of Lemma 1.3. If (1.26) holds,
a(t — s + &) may, but need not, be replaced by a(t — s) in (2.10). If £(0) > 0,
f(#) + ¢ may, but need not, be replaced by f(¢) in (2.10). Such changes
require setting ¢ = 0 in appropriate formulas below. We now show that

(2.11) 0< x, ()< f(1)+e (0< 1< )

If ¢ = 0 throughout (2.10), then ¢ = 0 in (2.11). Thus, in this special case,
establishing (2.11) will complete the proof.
Let {a,(-, ¢)} satisfy

a,(,e) €C °°[0, ), a,(0,¢) = a(e), a,(,e¢)is nonincreasing,
(2.12) a(t+e) < a,(te) <a(te) (0<1< ),
nango a,(t,e)=a(t+¢e) ae.

for each ¢ > 0 and let { f,} satisfy

o) f € C®[0,0], £, (0)=f(0), f,isnondecreasing,
F@O > fon () > (0, Bim f()=f(r) (0<¢< o0).
If
B:[0,1]-[0,1], B ec=[o1],
B(=1 (0<r<3), BH<O0 (§<1<2),
B(n=0 (j<i<1),
and if forn,k =0, 1,... weset



LINEAR AND NONLINEAR VOLTERRA EQUATIONS 215

N C )

afefe- £) o)

on k/3" < t < (k + 1)/3", where a(—1t + €) = a(e) for ¢ > 0, then it is not
hard to show that the a, of (2.14) satisfy (2.12). A sequence satisfying (2.13)
may be similarly constructed.

Let y,(-, €) be the solution of

(2.14)

(e + [a(t=sen(sd=f()+e  (O<1<w)
0

Lemma 2.1 implies that

2.15) 0<y(be)< f()+e (0<1< o).

It is an elementary matter using the Ascoli-Arzela lemma and the uniqueness
of x,(#) to show that

(2.16) Jim y,(1, €) = x,(1)
uniformly on [0, T] for every T > 0. Clearly (2.11) is an immediate con-
sequence of (2.13), (2.15), and (2.16).

In a similar manner, settinge =1/m (m =1, 2,...) in (2.10) and (2.11)
and letting m — oo yields

@17 Tim x, (1) = x(1)

uniformly on [0, T] for every T > 0, where x is the solution of (1.1). The
conclusion of Lemma 1.3 now follows from (2.11) and (2.17).

3. Proof of Theorem 1.4. We consider (1.27) first. Let (1.25) and (1.26) hold
and let a,(f) = a,(t, 0), where a,(t, €) are defined by (2.14). Then (2.12)
implies

a, € C°°[O, ), a,(0) = a(0), a,isnonincreasing,
3.1 a(t) < a, (1) < a,(t) (0 <t < ),
'}Lngo a,(t) = a(r) ae.

Let r, be the solution of
(.2) () + [a(t = 5)r,(s) ds= a,() (0 <1< o)
0

This equation is the special case of (1.30) in which
3.3) x—>r, a=a, g(x)=x-r, X=0, foa,

From (3.1) we have
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(34 ox;nigtla,,(s)l +V(a, [0,1]) = a(0).
s
In view of (3.3) and (3.4), applying Theorem 1.5 to (3.2) yields
@3.5) -a(0)<r()<a0) (O<t<ow;n=12...)
Let
t
3.6 z,(t) = t = s)r,(s) ds.
) (1) = [[a(t = 5)r,(s)

It is easily verified that (1.25), (1.26), (3.5), and (3.6) imply
l2.(5)] < @®(0)t, |z,(t + A) = 2,(¢)] < 24*(0)A (0 < 1,A< )

forn=1,2,.... A routine exercise involving the Ascoli-Arzeld lemma, the
Lebesgue bounded convergence theorem, and the uniqueness of the solution
of (1.2) now shows that r,(#) —» r(¢) a.e. (n > o) and (1.27) are satisfied.

Let

G7  A@) = fo ‘as) ds, R(f)= fo ‘"(s)ds, V(1)=1=R(1).
Then R, V € AC,, [0, o). Integrating (1.2) yields
G8)  R() +f0'a(t —S)R(s)ds = A() (0<t< o),

which together with (3.7) implies

(39) V(1) +fo'a(z —)V(s)ds=1 (0< 1< oo).
Applying Lemma 1.3 to (3.9) yields

(3.10) 0K V(<1 0< 1< )

and, because of (3.7),

(3.11) 0<R(1)KL1 0,

which establishes (1.28) of the conclusion. It may be noted from the proof
that (1.28) holds with (1.26) replaced by (1.3).
The equations

(3.12) x(1) +f0'x(z —-5)dB(s)=2(t) (0< 1< o),

(.13) x(f) +f0'x(t ~5)dB(s)=z2(t) (0< 1< ),

where

(3.149) B e BV[0,0), B(0)=0, B(t—)=B(1) (0<1t< ),
(3.15) z € L*(0, »), tlir?o z(t) = z(0) exists,
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are employed in the remainder of this proof. Let

(3.16) B =f0°°.e-'N dB(f) (- <A< ),
(.17) Si(B)={NBMN) =~1,-0 <A< ),
(3.18) S;(B) = {NBM) = —iA, —0 <A< oo).

Concerning (3.12) and (3.13) we employ, respectively, the following im-
mediate and very special consequences of Theorems 3b and 3a and Lemmas
2.3 and 2.2 of Levin and Shea [4]:

LemMma 3.1. Let (3.14) and (3.15) hold and let x € L®(0, ) be Borel
measurable and satisfy (3.12) and

(3.19) lim |x(¢ + 1) — x(1)] = 0.
11—
70
Then S\(B) = @ implies
3.20 I 2(0)
(3.20) RO ey TSk

LemMA 3.2. Let (3.14) and (3.15) hold, with z(0) =0, and let x €
AC, [0, 0) N L*=(0, o0) satisfy (3.13) a.e. Then

3.21) x()=c(t)+n(t) (0<t< ®),
where
(3.22) lim 9(f) =0, lim { ess sup |n’(s)|} =0,
Uil 120 L res<oo
and
(3.23) S,(B) = @ implies c(t) = 0,
S,(B) = {0} impliesc € C*[0, 0) 0 L*(0, ),
(3.24) lim (=0 (> 1).
1=
The cases
(3.25) [Ta(ydr < oo,
0
(3.26) [Ta()di =
' 0

are treated separately in the remainder of this proof.
If (3.25) holds, we employ (3.7) and write (3.9) as

(3.27) V(1) +f0'V(t — 5)dA(s) = 1.



218 J. J. LEVIN
From (3.7) and (3.16) we have
A = [Ta()cos \edi— ix [ “a(o)sin Ae dt,
0 0

which together with (1.25) and (3.25) ((1.26) is not required here) implies that
S1(4) = @. From (3.9), (3.10), and (3.25) it follows that V' is uniformly
continuous on [0, o0) and, hence, satisfies the Tauberian condition (3.19).
Therefore, applying Lemma 3.1 to (3.27) yields V' (c0) = [1 + A(c0)]~!, which
in view of (3.7) establishes (1.29) and (1.20) for the case (3.25).

When (3.26) holds we define B, by

(3.28) B, (0)=0, B,(1)=a(r) 0<t< )
and assume, without loss of generality, that
(3.29) a(t—-)=a(t) O0O<t<x), a0 =a0+).
Then, by (1.25), (1.26), (3.28), and (3.29), B, satisfies (3.14) and
a o0 o0
(330)  B,(\) = a(0) + f cos M da(t) — i f sin Mt da(t).
0 0
From (1.25), (1.26), and (3.30) it is easily seen that
(3.31) a(co0) > 0 implies S, (B,) = @,
(3.32) a(oo) = 0 implies S, (B;) = {0}.
Differentiating (3.9) yields
(3.33) V() + [ V(i =5)dB,(s) =0 ae.on[0,c)
0
to which, in view of (3.7) and (3.10), we can apply Lemma 3.2. If a(e0) > 0,
then (3.31) and (3.21)-(3.23) imply
(3.39) V(o0) = 0.

From (3.34) and (3.7) we have R(o0) = 1, which establishes (1.29) and (1.21)
in this subcase of (3.26).
If a(e0) = 0 and (3.26) hold, then (3.32) and Lemma 3.2 imply

(3.35) Vi)=c(t)+n() (0<1< )

where ¢ and 7 satisfy (3.24) and (3.22) respectively. Suppose (3.34) does not
hold. Then (3.10), (3.22), (3.24), and (3.35) yield the existence of sequences
{t,} and {T,} and a constant » > 0 such that

(3.36) nll»ngo t,= o0, n]i»n;lo T,=, V()>v (t,<t<1,+T,).
From (1.25), (3.9), (3.10), and (3.36) it follows that

vfr"a(s)ds<1 (n=12...)
0
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which contradicts (3.26) for sufficiently large n. Hence (3.34) holds and,
similar to the preceding paragraph, (1.29) and (1.21) are also established in
this subcase of (3.26). This completes the proof of Theorem 1.4.

4. Proof of Theorem 1.7. Let x be a solution of (1.30) and let
P = {1g(x(1) >0}, Q= {18g(x(1) <0},
R = {17]g(x(r)) = 0}.
p(0 = [(8(x(s))" att - ) as

4.1

4.2) ’ i
a() = [ (8(x() " a(t = 5) &

where y* = max(y, 0),y ~ = max(—y, 0). Thenp > 0,¢ > 0and

“3) x(0)+p(0) = () =J(t)  (0< 1< ).

Lemma 1 of [3] implies that p, g € AC,, [0, c0) and

(4.4 pP(1)<0 aeonQUR, 4¢()<0 ae.onPUR.

From (1.34), (4.3), and p, g € AC,, [0, o) it follows that x € C[0, o) N
BV, [0, o0) and that each of the infinite series appearing below converge
absolutely.

Let ¢, € [0, c0). In showing that

4.5) x(t) > — X,

we analyze each of the following situations separately:
(4.6) 0OEQUR, ,EQUR,
@47 0EQUR, tEP
(4.8) 0P, th € O UR,
4.9 0eP, HeEP [01)zP,
(4.10) 0eP, eEP [01)cCP

The hypothesis and (4.1)—(4.3) easily imply that (4.5) is a consequence of
(4.10). For brevity we will only prove here that (4.6) implies (4.5). The
arguments for the remaining cases, (4.7)-(4.9), may be readily constructed
from those that follow and from the discussion in [3].
Thus, let (4.6) hold. Then (4.1) implies
Ny
p= kUl (@ o) (% & € R),

where Ny > 1 or oo if Py # @, N, =0 if P = O, and there may exist a ky
such that o’ = oo. Let
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P,=Pn[0,5], [I={k>Iljo <1t}
Then

“.11) Po=U (o, &).
kel

As a step toward proving (4.5), (4.3) suggests obtaining an upper bound on
p(tp). From (4.1)-(4.4) and (4.11) we have

p(to) = [P () ds< [ p(s)ds

=3 [r@a= 3 [p(a) - ()]
(4.12) kel“a kel
= ,E,{[’“"‘“ = x(o)] + (@) = q(ap)] +[f(@) = f(et)]}

< 2 [x(e) = x(@)] + 2 [f(a) = f(o)]
kel kel
In order to study the term 2, o ,[x(a) — x(ay)], let
4 = {x|g(x) >0}, C={x|g(x)=0}.
Then

N,

A=U ¢ &) ¢.§€0),
i=1

where N, > 1 or 0 if 4 # @, N, =0 if A = @, and there may exist an i}
such that § = co. Let I = (¢;) U (c;) U (c3) where

(c1) = {k € I|x(a) < x(ex)},
(c)) = {k € Ijx(a) > x(a,:')},
(c3) = {k € I}x(eg) = x(a})}-
Then for each k € I there exists a ¢(k) such that
k € (c,) implies x(a) = & X(a¢) = {5
k € (c,) implies x(a) = &Ly X () = §4a
k € (c,) implies x(o) = x(a) = &y or  x(o) = x(&) = &wy

where ¢(k) is uniquely defined for k € (c,) U (c;) but may be double valued
when k € (c,). Clearly

(4.13) El[x(a,;) —-x(e)]= = [x(ap) = x(ag)]-

kel- (03)
Let
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@14 L()={kkel-()e(k)=i} (i=12...).

Thus I,(i) is a finite or empty set. It is evident from the graph of x that for
eachi > I:

§-4 ifx(0) < <& < x(1),

r— & ifx(t) < § <& < x(0),
“15) X [x(«) = x(«)] = é £ ;fzzg;?x(;o) <i,forx()

kel (i)
& < x(0), x(1)-
Let
(4.16) L={i>1x(t) <§ <& < x(0)}.
From (4.13)-(4.16) and (1.31) it follows that
k%[)‘(ai) —x(@)] =3 T [x(a) = x(a)]

i=1 kel, (i)

(4.17) <Y 3 [x(e) - x()]

i€l kel (i)

=2 & -§)<fO)+x.

i€l

From (4.3), (4.12), (4.17), and ¢(¢,) > O we have
ﬂm>—X—nm+§Jﬂm—ﬂ¢ﬂ+ﬂm

which together with (1.34) obviously implies (4.5) and completes the proof.

5. Supplementary remarks. It easily follows from Lemma 1.3 and an
approximation argument of the type employed in §2 (note (2.13)) that

(5.1) Lemma 1.3 is valid without the hypothesis f € C[O, ).
From (1.2) and (3.9) it follows that

a(Q)V (1) — r(?) +j:a(t = 5)(a(0)V (s) = r(s)) ds= a(0) — a(¢),
which together with (1.25), (1.26), and (5.1) implies
(5.2) 0< a(0)V(t) = r(t) < a(0) — a(2).
Combining (3.7) and (5.2) yields

a(t) - a(0) [r(s) ds < r()
(5.3) 0
< a(O)(l —fo'r(s) ds) 0< 1< o).
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From (1.28) we see that (5.3) is stronger than (1.27). When integrated, (5.3)
implies

— a(0)(1 — e™@") + a(1)

< r(t) < a(0) - a(O)j;le‘“(O)(’“’)a(s) ds.
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